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Abstract. We study invariant subsets and invariant states of 
compact quantum group actions on unital C*-algebras. Concern- 
ing compact quantum group actions on commutative C*-algebras, 
we formulate the concept of compact quantum group orbits and 
prove some basic properties. Moreover, through analyzing invari- 
ant subsets and invariant states, we derive some interesting results 
about ergodic actions. Especially, we show that the unique in- 
variant measure of a compact quantum homogeneous space with 
infinitely many points is non-atomic. As a result, countable com- 
pact metrizable spaces with infinitely many points are not quantum 
homogeneous spaces. 
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1. Introduction 



A compact quantum group is a unital C*-algebra A together with a 
unital *-homomorphism A : A — > A <g> A satisfying the coassociativity 

(A<gu'd)A = (id <g) A) A 

and the cancelation laws that both A(A)(1 ® A) and A (A) (A £g> 1) are 
dense in A <g> A. Compact quantum groups are "quantum" analogues of 
compact groups. There are lots of similarities and differences between 
these two. For instance, first they both have the Haar measure. But 
unlike the Haar measure of a compact group, the Haar measure of a 
compact quantum group need not to be faithful. Secondly, although 
there is a linear functional called the counit which plays the same role 
in a compact quantum group as the unit in a compact group, the counit 
is only densely defined and not necessarily bounded. 

An action of a compact quantum group (A, A) on a unital C*-algebra 
B is a unital *-homomorphism a : B — > B <g> A satisfying that 

(1) (a <g> id)a = (id <g> A) a; 

(2) a(B)(l <g) A) is dense in B <g> A. 

Actions of compact quantum groups on unital C*-algebras differ from 
actions of compact groups in various aspects. 

For example, the action map a is not necessarily injective (exam- 



ples are given in 17]) ■ Furthermore, it was shown by H0egh-Krohn, 
Landstad and St0rmer that compact groups act ergodically only on op- 
erator algebras admitting finite traces Q. An action a is called ergodic 
if a(b) = b ® 1 implies that b G C. However, compact quantum groups 
can act ergodically on operator algebras of some other types. In fact, 
S. Wang constructed many interesting examples of ergodic actions of 
compact quantum groups on type III factors and Cuntz algebras (22|. 
Therefore, it is fruitful and interesting for one to study ergodic acions 
of compact quantum groups. 

For a compact quantum group action a on a unital C*-algebra B, 
a bounded linear functional /i on B is called invariant if (fi <8> id)a = 
fi{-)l A . 

Let (B a )' be the dual space of B a and Iiw(B) be the space of bounded 
a-invariant linear functionals on B. Define T : lnv(B) — > (B a )' as 
T(ijj) = i[>\b<*- Our first main theorem says that there is a one-one 
correspondence between lirv(B) and the dual space (B a )' of the fixed 
point algebra B a . 



Theorem 1.1. The linear map T is a bijective isometry. 
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Consequently we have the following theorem (Theorem 13. 6p . which 
plays a central role throughout this paper. 

Theorem 1.2. An action a of a compact quantum group on B is 
ergodic if and only if there is a unique a-invariant state on B. 

Our next main result (Theorem 13.121) says that the "support" of an 
invariant state is an invariant subset. 

Theorem 1.3. Suppose that a compact quantum group Q acts on B 
by a and /i is an a-invariant state on B. Let $ M : B — > B(H^) be the 
GNS representation of B with respect to fi and denote ker^ by 1^. 
Then 1^ is a-invariant, and the induced action on B/I^, denoted by 
a^, is injective. 

Continuing on this road, we get that traciality of invariant states 
implies the traciality of the Haar measure (Theorem I3.24p . 

Theorem 1.4. Suppose that a compact quantum group Q acts on B by 
a faithfully. If one of the following two conditions is true: 

(1) every invariant state on B is tracial, 

(2) there exists a faithful tracial invariant state on B, 

then Q is a Kac algebra. 

Next we turn to look at actions of compact quantum groups on 
commutative C*-algebras, i.e., actions on compact Hausdorff spaces. 
We first get some motivations from the classical cases. 

The concept of orbits arises naturally when one studies group actions. 
They have lots of nice properties which make them a useful tool. First 
of all, an orbit is an invariant subset under the group action. Secondly, 
the group action restricted on an orbit is transitive. Thirdly, an orbit 
is a minimal invariant subset, that is, if one point is contained in an 
invariant subset, then the orbit of this point is also a subset of this 
invariant subset. 

We generalize the concept of orbits to actions of compact quantum 
groups on compact Hausdorff spaces X. For an i G X, use Orb^. to de- 
note the orbit of x (see Definition I4.6p . Compact quantum group orbits 
behave as classical orbits in many aspects. We state these similarities 
in the following two theorems (Theorem 14.141 and Theorem 14.151) . 

Theorem 1.5. For every x G X, the orbit Oih x is an a-invariant 
subset of X , and X is the disjoint union of orbits. 

Theorem 1.6. The following are equivalent: 
(1) The action a is ergodic. 
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(2) Orb a; = X for every x G X . 

(3) There exists Xq G X such that Orb^ = X . 

So far the minimality of orbits is only known for actions of coa- 
menable compact quantum groups (see Theorem 14.211) . 

Theorem 1.7. Suppose that a coamenable compact quantum group 
(A, A) acts on X by a. For any a-invariant subset Y of X , we have 
that 

Y={J Orb,. 

Consequently, Orb, is a minimal a-invariant subset of X for every 

xex. 

Next we use compact quantum group orbits as a tool to study ergodic 
actions. Consider an ergodic compact quantum group action on a finite 
space X n = {xi,x 2 ,--- ,x n } and let B = C(X n ). For 1 < i < n, 
we denote the characteristic function of {xi} by e« and the evaluation 
functional on B at xi by et>j. Use to stand for (evi ® id)a(ej) for 
1 < i, j < n. We have the following (Theorem 14.221) . 

Theorem 1.8. Consider a compact quantum group (A, A) acting on 
B by a. The following are equivalent. 

(1) The action a is ergodic. 

(2) h(aij) = - for the Haar measure h of (A, A) and 1 < i,j < n. 

(3) All aij 's are nonzero for 1 < i,j < n. 

(4) Every a-invariant state ip of B satisfies ijj{ e i) = ^ f or a ^ 1 — 
i < n. 

For ergodic compact quantum group actions on compact spaces with 
infinitely many points, we have the following result about the unique 
invariant measure (Theorem 14.251) . 

Theorem 1.9. If a compact quantum group (A, A) acts ergodically by 
a on a compact Hausdorff space X with infinitely many points, then 
the unique a-invariant measure fi of X is non-atomic. 

A consequence of the previous theorem is that compact Hausdorff 
spaces with countably infinitely many points do not admit any ergodic 
compact quantum group action (Theorem 14.281) . 

Theorem 1.10. Any compact Hausdorff space with countably infinitely 
many points is not a quantum homogeneous space. 

Our paper is organized as follows. In section 2, we recall some 
facts about compact quantum groups and their actions on unital C*- 
algebras. Theorem 13.51 Theorem 13. 6^ Theorem 13.121 and Theorem 13.241 
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are proven in section 3. Section 4.1 contains some preliminary lemmas. 
At the beginning of section 4.2, we formulate the concept of orbits. 
Then we prove Theorem 14.141 and Theorem 14.151 And we also charac- 
terize the minimal invariant subsets. We end section 4.2 by showing 
Theorem 14.211 Section 4.3 deals with actions on finite spaces and we 
prove Theorem 14.221 Section 4.4 is concerned with the invariant mea- 
sure on a quantum homogenous compact Hausdorff space with infinitely 
many points, and Theorem 14. 251 is proved at the end of this subsection. 
In section 4.5, we apply results in previous subsections to study actions 
on compact spaces with countably infinitely many points. As results, 
we prove Theorem 14.281 and Proposition 14.321 
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2. Preliminaries 
In this section, we recall some definitions and basic properties of 



compact quantum group and their actions. We refer to [12J, |23j, |24J for 
basics of compact quantum groups and ji, 11, 14] for some background 
of compact quantum group actions. 

Throughout this paper, for two unital C*-algebras A and B, the 
notations A ® B and A (•) B stand for the minimal and the algebraic 
tensor product of A and B respectively. 

For a *-homomorphism /3 : B — > B £g> A, use (3(B)(1 (g) A) and 
(3(B)(B (g> 1) to denote the linear span of the set {/3(b)(l B g) a)\b G 
B, a e A} and the linear span of the set {/3(&i)(6 2 <8> 1a)|&i,&2 £ B} 
respectively. 

For a C*-algebra B, we use S(B) to denote the state space of B. For 
H E S(B), we denote {b e B\^(b*b) = 0} by N^. If = {0}, then 
H is called faithful. If /x(a6) = ji{ba) for all a,b G B, then \i is called 
tracial. 

Let's first recall the definition of compact quantum group, which, 
briefly speaking, is the C*-algebra of continuous functions on some 
compact quantum space with a group-like structure. 



Definition 2.1 (Definition 1.1 in [241]). A compact quantum group 

is a unital C*-algebra A together with a unital *-homomorphism A : 
A A <g> A such that 
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(1) (id <S> A) A = (A <S> id) A. 

(2) A(A)(1 <g> A) and A(A)(A <g> 1) are dense m A(g> A. 



The *-homomorphism A is called the coproduct or comultiplica- 

tion of (A, A). The first condition in the definition of compact quan- 
tum groups just says that the coproduct is associative, and the second 
condition says that the left cancellation law and the right cancellation 
law hold. Note that a compact semigroup in which cancellation laws 
hold is a group. Hence compact quantum groups are the quantum 
analogue of compact groups. 

Furthermore, one can think of A as C(Q), i.e., the C*-algebra of 
continuous functions on some quantum space Q and we call Q a compact 
quantum group. 

There exists a unique state h on A such that 



for all a in A. The state h is called the Haar measure of Q or the 
Haar state on A. Throughout this paper, we use h to denote the Haar 
measure of Q. 

Example 2.2 (Examples of compact quantum groups). 

(1) For every non-singular n x n complex matrix Q in > 1), the 
universal compact quantum group (A u (Q),Aq) [19|, Theorem 
1.3] is generated by (i,j — 1, •- • ,n) with defining relations 
(with u = (uij)): 

u*u = I n = uu*, u l QuQ~ l = I n = QuQ^u*; 

and the coproduct Aq given by Aqiiiij) = J2k=i u ik ® u kj f° r 
1 < i,j < n. 

(2) The quantum permutation group (A s (n), A n ) jU, Theorem 
3.1] is the universal C*-algebra generated by a^- for 1 < i,j < n 
under the relations 



The coproduct A n : A s {n) — > A s (n)®A s (n) is the *-homomorphism 
satisfying that 



(h <8> zd)A(a) = (id ® h)A(a) = h(a)l A 



n 



n 




i=l j=l 



n 




k=l 



Definition 2.3. Let A be an associative *-algebra over C with an 
identity. Assume that A is a unital *-homomorphism from A to A A 
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such that (A ® id) A = (id ® A)A. Also assume that there are linear 
maps £ : A — y C and k : A —y A such that 

(e <g> id)A(a) = (id ® e)A(a) = a 

m(/t <g> id)A(a) = m(id ® /t)A(a) = e(a)l 
for all a G A, where m : A A — >■ A is the multiplication map. Then 
(A, A) is called a Hopf *-algebra [12J, Definition 2.3]. 

A nondegenerate (unitary) representation U of a compact quan- 
tum group Q is an invertible (unitary) element in M(K(H) ® A) for 
some Hilbert space H satisfying that = (id® A)U. Here K(H) 

is the C*-algebra of compact operators on if and M(K(H) ® A) is 
the multiplier C*-algebra of K(H) ® A. We write U\ 2 and [/13 re- 
spectively for the images of U by two maps from M(K(H) ® A) to 
M(K(H) ® A ® A) where the first one is obtained by extending the 
map x 1 — y x ® \ from K(H) ® A to K(H) ® A ® A, and the second 
one is obtained by composing this map with the flip on the last two 
factors. The Hilbert space H is called the carrier Hilbert space of U. 
From now on, we always assume representations are nondegenerate. If 
the carrier Hilbert space H is of finite dimension, then U is called a 
finite dimensional representation of Q. 

For two representations U\ and 17% with the carrier Hilbert spaces 
H\ and if 2 respectively, the set of intertwiners between U\ and U2, 
Mor(Ui, U 2 ), is defined as 

Mor(Ux, U 2 ) = {Te B(H U H 2 )\(T ® \)U X = U 2 (T ® 1)}. 

Two representations U\ and U 2 are equivalent if there exists an in- 
vertible element T in Mor(Ui,U 2 ). A representation U is called irre- 
ducible if Mor(U,U) C. 

Moreover, we have the following well-established facts about repre- 
sentations of compact quantum groups: 

(1) Every finite dimensional representation is equivalent to a uni- 
tary representation. 

(2) Every irreducible representation is finite dimensional. 

Let Q be the set of equivalence classes of irreducible representations 
of Q. For every 7 G let U 1 G 7 be unitary and H y be its carrier 
Hilbert space with dimension d T After fixing an orthonormal basis 
of H y , we can write U 1 as (ulj)\<i^<d^ with u], G A. The matrix 
is still an irreducible representation (not necessarily unitary) with the 
carrier Hilbert space H T It is called the contragradient representa- 
tion of U 1 and the equivalence class of is denoted by 7 C . There 
is a unique positive invertible element F 1 in Mor([/ 7 , U 1 "") such that 
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tr(F"f) = tr(FT)" 1 . Denote tr(F^) by M 7 and M 7 is called the quan- 
tum dimension of 7. Note that F 1 > is in B(H 1 ) and can be 
expressed as a d 7 x g? 7 matrix under the same orthonormal basis of if 7 
adopted by U 1 . 

The linear space srf spanned by {u]j} je § 1<{ j <t j is a Hopf *-algebra [2i 



24 such that 



AU : ^ -»> A(«7.) = ^ uj m ® w^.. 

m=l 

Moreover, the following are true. 

(1) The Haar measure h is faithful on that is, if h(a*a) = for 
an a G then a = 0. 

(2) There exist uniquely a linear multiplicative functional e : ,2/ — >• 
C and a linear antimultiplicative map k : ,2/ — >■ srf such that 

£ («7j) = t%h K ( u l) = ( u ]i)*- 

The two maps e and k are called the counit and the antipodle 
of Q respectively 

For 7 1; 72 6 Q, 1 < m, k < d 71 and 1 < n, / < d 72 , we have 



(1) %md = ^1 lk ' 

and 

u 7l72 ti mn ^-t ^ 



(2) ^K> 72 



/cm in / 



M 



71 



A compact quantum group (A', A') is called a quantum subgroup 

of (A, A) if there exists a surjective *-homomorphism tt : A — > A' such 
that 

(tt ® tt)A = A'tt. 

We can identify A' with a quotient C*-algebra of A, i.e., A' = A/ 1 for 
some ideal of A. We call the ideal / a Woronowicz C*-ideal of A. 
If we write A' as C('H) for some quantum space "H, we also call "H a 
quantum subgroup of Q |2C|, Definition 2.13]. 



Definition 2.4 (Definition 1.4 in [14]]). An action of a compact quan- 
tum group Q on a unital C*-algebra 5 is a unital *-homomorphism 
a : B — > B ® A satisfying that 

(1) (a <g> id)a = (id <g> A)a; 

(2) a(S)(l <g) A) is dense in S <g> A. 
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An action a of a compact quantum group (A, A) on B is called er- 
godic if the fixed point algebra B a = {b 6 B\a(b) — b ® 1} equals 
C1 B . 

Consider an action of £ on 5. For every 7 6 5, there is a linear 
subspace B 7 of £> with a basis 5?^ = {e^kilk e J 7 , 1 < i < d y } such 

that a maps £? 7 into B^® srf and a(e 7 fcj) = X}j=i e 7fcj ® wjj. Moreover 
By contains any other subspace of B satisfying these two conditions. 
The quantum multiplicity mvl(B, 7) of 7 is defined as cardinality 
of J 7 , which does not depend on the choice of J 7 [3, Thoerem 1.5]. 
Moreover, B* = B^ [4], Lemma 11]. Hence mul(-B,7) > implies 
mul(S,7 c ) > 0. 



Take SS = ® 7g g-B 7 - It is known from \l4 , Thoerem 1.5] that SB is 
a dense *-subalgebra of B, which is called the Podles algebra of B. 
Also 

a\sg : 3§ -> 38® {id® e)a\gg = id@. 

We say a bounded linear functional \i on B is a-invariant or briefly 
invariant if (/i ® id)a(b) = n(b)lA for all b G B. Denote by Inv a the 
set of a-invariant states on B. It is known that 

Inv a = {{^®h)a\^ e S(B)}. 

Suppose that a compact quantum group (A, A) acts on Bi by ctj for 
i — 1, 2. A unital *-homomorphism s : i?i — > i?2 is called equivariant 
if 

a 2 s = (s ® id)a\. 

Denote by C(X) the C*-algebra of complex- valued continuous func- 
tions on a compact Hausdorff space X. If a compact quantum group 
Q acts on B = C(X), then briefly we say that Q acts on X. 



Definition 2.5 (Definition 1.8 in [14(). A unital C*-algebra B is called 
a quantum homogeneous space if B admits an ergodic compact 
quantum group action. 

Briefly speaking, studying actions of compact quantum groups on 
unital C*-algebras is to study how compact quantum groups behave 
as symmetries of compact quantum spaces. Certainly there are many 
interesting examples of compact quantum group actions. Below we list 
some of them which we use later. 

Example 2.6 (Examples of compact quantum group actions). 

(1) Every compact quantum group (A, A) acts on A by the coprod- 
uct A, and srf is the Podles algebra of A. 



(2) The adjoint action Ad u of (A U (Q), Aq) on M n (C) is given by 

Ad u (b) = u(b® l)u*, 

for every b G M n (C). 

(3) Recall that the Cuntz algebra O n |5|] is the universal C*-algebra 
generated by n(> 2) isometries Si, S 2 , S n such that 

n 

i=i 

The compact quantum group (A u (Q),Aq) acts on O n by 

n 

at(Si) = ^2 $3 ® 

3=1 

for 1 < i < n. 

(4) The quantum permutation group A s (n) acts on X n = {xi, ■ ■ ■ ,x n } (2ll . 
Theorem 3.1] by 

n 

a(e») = 2jej <8> a^, 

where ej is the characteristic function of {x{\ for 1 < i < n. 

3. Actions on compact quantum spaces 

3.1. Faithful actions. 

In this section, we give some equivalent conditions of faithful compact 
quantum group actions for future use. This is well known for experts, 
but for completeness and convenience, we give a proof here. Part of 
these results can be found in j^, Lemma 2.4]. 

We first recall some definitions. 



Definition 3.1 (Definition 2.9 in |2(|). A unital C*-subalgebra Q of a 
compact quantum group A is called a compact quantum quotient 
group of (A, A) if A(Q) CQ®Q, and A(Q)(l<g>Q) and A(Q)(Q®1) 
are dense in Q £g> Q. That is, (Q, A\q) is a compact quantum group. If 
Q ^ A, we call Q a proper compact quantum quotient group. 

We say that a compact quantum group action a on B is faithful if 
there is no proper compact quantum quotient group Q of A such that 
a induces an action a q of Q on B satisfying a (b) = a q (b) for all b in 
B 0, Definition 2.4]. 

There are several equivalent descriptions of faithful actions. 

Proposition 3.2. Consider a compact quantum group action a of 
(A, A) on B. The following are equivalent: 
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(1) The action a is faithful. 

(2) The ^-subalgebra of A generated by (u®id)a(B) for all bounded 
linear functionals u on B is dense in A. 

(3) The ^-subalgebra s/i of srf generated by {ui ® id)a{38) for all 
bounded linear functionals u on B is dense in A. 

(4) The ^-subalgebra s/ 2 of srf generated by uj- for all 7 G Q and 
I < i, j < dy such that mu\(B,^) > is dense in A. 

(5) s/ 2 = & '■ 

Proof. (2) =>- (1). Suppose that the action a of (A, A) on B induces an 
action a q of a quotient group Q of (A, A) on B such that a(b) = a q (b) 
for all b in B. The *-subalgebra generated by (a; <8> id)a(B) for all 
bounded linear functional u on B is a subalgebra of Q. Hence Q = A 
and a is faithful. 

(1) =>- (4). Let A 2 be the closure of s/ 2 in A. We want to show that 
(A 2 , A\a 2 ) is a quotient group of (A, A). First, since A(s/ 2 ) Q s/ 2 Qsf 2 , 
we have that A(A 2 ) C A 2 ®A 2 . 

We next show that A(A 2 )(1 <8> A 2 ) is dense in A 2 <g> A 2 . Since w 7 is 
unitary for all 7 G Q with mul(-B, 7) > 0, we first have 

^A(«S)(1®«J) = «J.®1, 
t=i 

for all 1 < i,j < d 7 . Note that Ylt=i ^( u lt)(^ ® M Jt*) belongs to 
A(A 2 )(1 ® A 2 ), so does u]j ® 1 for all 1 < i, j ' < d 7 . It follows that 

u£u£<g>l g A(A 2 )(l<g)A 2 )«(8)l) = A(A 2 )«<8)l)(l(g)A 2 ) c A(A 2 )(l<g>4 2 ) 

for all 71,72 G with positive multiplicity in B and all 1 < i,j < d 71 
and 1 < fc, Z < d l2 . Inductively uf ih ■ ■■u] s sjs ® 1 G A(A 2 )(1 <g> A 2 ) for 

all 71, • • • , 7 S G Q with positive multiplicity in B and all 1 < i t ,j t < d lt 
with 1 < t < s. 

Note that s/ 2 is the *-subalgebra of si generated by the matrix 
elements of u 1 for all 7 G £ with mul(B, 7) > 0. Also the adjoint of the 
matrix elements of u 1 are the matrix elements of u 1 , the contragradient 
representation of 7. Hence s/ 2 is the subalgebra of s/ generated by the 
matrix elements of u 1 for all 7 G Q with positive multiplicity in B. So 
A 2 <S> 1 is in the closure of A(A 2 )(1 ® A 2 ). Then for any a,b £ A 2) we 
have a ®b = (a <g> 1)(1 <g> 6) is in the closure of A(A 2 )(1 ® A 2 ) since 
A(A 2 )(l<g>A 2 )(l<g>&) CA(A 2 )(l®i 2 ). Hence A(A 2 )(1 <g) A 2 ) is dense 
in A 2 ® A 2 . 

Similarly, we can prove that 1 (g) u]* G A(A 2 )(A 2 ® 1) for all 7 G ^ 

with mul(B,7) > and all 1 < i,j < d 7 , and that A(A 2 )(A 2 ® 1) is 
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dense in A 2 ® A 2 . Therefore, A 2 is a compact quantum quotient group 
of A. Next we show that a is an action of (A 2 , A\a 2 ) on B. 

Obviously a (B) C B £g> A 2 . To show that a(B){l <g) A 2 ) is dense in 
B <S> A 2 , it is enough to prove that e^ki 01 G a(B)(l <g> A 2 ) for all 7 G £ 
such that mul(i?,7) > and all 1 < i < d 1 and 1 < k < mul(I?,7). 
This follows from the following identity: 

Hence a is also an action of on B. By the faithfulness of a, we have 
that A 2 = A. 

(3) -v=> (4). To prove the equivalence of (3) and (4), it suffices to 
show that — srf 2 . Obviously s$\ C &tf 2 . For 7 G such that 
mul(£>,7) > 0, we have that a(e y ki) = Y^=i e 'ykj ® u ]i for 1 < 2 < <i 7 
and 1 < k < mul(5,7). Note that linearly independent. For 
every 1 < s < d 7 and every 1 < I < mul(I?,7), by the Hahn-Banach 
Theorem, there exists a bounded linear functional ojJ s on B such that 
u l s { e iki) — $ki$si for 1 < 2 < d 7 and 1 < k < mul(5,7). Therefore 
(^ks ® id)a(e^ki) = G srf\ for all 7 G Q such that mul(-B, 7) > 0, and 
for every 1 < i < g? 7 and every 1 < s < mul(i?,7) . This implies that 
^2 Q ^i, which proves the equivalence of (3) and (4). 

(2) <^ (3). The equivalence of (2) and (3) is immediate from the 
density of in B and the continuity of (u £g> id) a for every bounded 
linear functional u on B. 

(4) (5). It is obvious that (5) implies (4). Now suppose that (4) 
is true. The *-subalgebra &/ 2 is a Hopf *-subalgebra of A. A compact 
quantum group has a unique dense Hopf *-subalgebra [!, Theorem A.l], 
so (5) follows. □ 

3.2. Invariant states. 

In this subsection, we prove Theorem 13.51 and Theorem 13.61 

First, for a compact quantum group, there is a reduced version of it 

in which the Haar measure is faithful |3, Theorem 2.1]. 

For a compact quantum group (A, A) with the Haar measure h and 

the counit e, let N h = {a G A\h(a*a) = 0} and rr r : A — > A/N h be the 

quotient map. Then Nh is a two-sided ideal of A [T2I . Proposition 7.9]. 

Furthermore, the following is true. 

Theorem (Theorem 2.1 of [3]). For a compact quantum group(A, A) , 
the C* -algebra A r = A/Nh is a compact quantum subgroup of (A, A) 
with coproduct A r determined by A r (7r r (a)) = (71Y £g> 7r r )A(a) ; for all 
a £ A. The Haar measure h r of (A r , A r ) is given by h = h r ir r and h r 
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is faithful. Also, the quotient map 7r r is injective on and the Hopf 
*-algebra of (A r , A r ) is ir r {s$), with the counit e r and the antipodle n r 
determined by e = e r n r and respectively. 

Definition 3.3. The compact quantum group (A r ,A r ) is called the 
reduced compact quantum group of (A, A). 

From the theorem above, it is easy to check that any compact quan- 
tum group action of (A, A) on B induces an action a r of (A r , A r ) on 
B defined by 

a r = (id eg) n r )a. 

Let a be an action of compact quantum group (A, A) on a unital 
C*-algebra B. Let B a = {b G B\a(b) = b® 1 A }. It is known that 

B a = (id®h)a{B). 

Take a unital C*-algebra C and let C\ be a unital C*-subalgebra of C. 
A conditional expectation is a completely positive map p : C — >■ C\ 

such that pipi) = bi and p(b\bb 2 ) = b\p{b)b 2 for any bi,b 2 G C\ and 

beC. 

Recall that every bounded linear functional on a unital C*-algebra 
it can be expressed uniquely as p\ — p{ + i(p 2 — p 2 ), where pt and 
pj are positive linear functionals on ii for j = 1,2 such that \\p± — 

PiW = \\Pi\\ + IIPi~ll an d IIP2~ — P2 II = IIP2 II + IIP2 II [Sl Theorem 4.3.6]. 
This unique expression of p as a linear combination of positive linear 
functionals is called the decomposition of p. 

Proposition 3.4. Suppose that p : C — >■ C\ is a conditional expecta- 
tion. For any bounded linear functional ip onC\, ifip = ipi—ip 2 + i(ip3 — 
^4) is the decomposition ofip into the linear combination of positive lin- 
ear functionals ipi fori = 1,2,3,4 such that \\ipi — ip 2 \\ = \\ipi\\ + 
and \\ip 3 - ^ 4 1| = H^ll + H^ll; then ipp = ipxp - ip 2 p + i(ip3P - ip^p) is 
the decomposition ofi/jp. 

Proof. With no loss of generality, we can take ip as a Hermitian linear 
functional. Now let ip be Hermitian and ip = ipi—ip 2 the decomposition. 
Since p is a conditional expectation, we have that ipp is also Hermitian, 
ipip's are all positive on C, and ||p|| = ||p(l)|| = 1- Since p{b\) = bi 
for any b\ G C\, we have that ip is the restriction of ipp on C\. So 
ll^ll < \^v\- On the other hand, 

< Wlbll = Ul 

Hence = \\ipp\\ and similarly = W^iPW f° r i = 1,2. Therefore, 
ipp = ipip — ip 2 p and \\ipp\\ = \\?pip\\ + 11^2^11- By the uniqueness of the 

13 



decomposition of ipp : we see that ipp = ipip — ip 2 p is the decomposition 
of ipp. □ 

Let (B a )' be the dual space of B a and Inv(S) be the space of a- 
invariant bounded linear functionals on B. Define T : Inv(S) — > (B a )' 
as T(ip) = ip\B a - Then 

Theorem 3.5. The linear map T is a bijective isometry. 

Proof. Obviously ||T|| < 1, so T is bounded. Define the map S : 
(B a )' — > B' by S((p) = (p for every ip in (B a )' where (p is the linear 
functional on B defined by 

<p(b) = ip({id®h)a(b)) 

for every b G B. Next we show that S is the inverse of T . 

First we show that cp is a- invariant. From (a (g> id) a = (id <g> A) a 
and (/i g) id) A = /i(-)l^, we have 

(cp ® id) a = ((<p ® ^)o! £g> id)a = (<p ® h ® id)(a ® id)a 

= (<p®h® id){id <S> A) a = (</? ® ((/i ® id)A))a 

= (y> ® (M")lA))a = <^((zd ® /i)a(-))U = ^(-)U 

Hence 5* maps (i? a )' into lnv(B). Moreover a(b) = b £g> 1a for any 
b G -B". Hence ^(6) = (p(b) for any 6 G -B". So <£> is the restriction of <p 
on B a . Therefore tp is a-invariant and TS(ip) = T(Jp) = (p. This shows 
the surjectivity of T. 

Secondly for all G Inv(5) and all b G B, we have (0 <g> id)a(b) = 
0(6) 1^4. Applying ft, on both sides of the above equation, we get (0 £g> 
/i)a(6) = 0(6). So 

T(0)(6) = T(0)((id ® /i)a(6)) = 0((id g> /i)a(6)) = (0 <g> fc)a(6) = 0(6) 

for all 6 G -B. That is to say that ST(<f>) = T(0) = for all G Inv(S). 
Therefore 5 is the inverse of T and T is bijective. 

Moreover for every G Inv(S), we see that ||T(0)|| < ||0|| and 
0(6) = (0 <g> h)a(b) = 0((id <g> h)a(b)) for each b e B. If b e B and 
||6|| < 1, then (id <g> h)a(b) G 5° and || (id <g> /i)a(6) || < 1. So 

||0|| = sup |0(6)| = sup \(j)((id®h)a(b))\ 

\\b\\<l ||6||<1 

= sup |T(0)((id®/i)a(6))| < ||T(0)||. 

||6||<1 

Therefore ||T(0)|| = ||0|| for every G Inv(i5) and T is an isometry 
from Inv(-B) onto □ 

The following theorem follows from Theorem 13.51 immediately. 
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Theorem 3.6. A compact quantum group action a of (A, A) on B is 

ergodic if and only if there is a unique a-invariant state on B. 

Proof. The "only if" part is well-known 0, Lemma 4], and we just 
prove the "if" part. 

Assume that there is a unique a-invariant state on B. By Theo- 
rem [375J we have that Irw(B) = (B a )'. So there is a unique state on 
(B a )'. Every bounded linear functional on B a is a linear combination 
of states on B a , so (B a )' = C. Hence B a C (B a )" = C. Therefore 
B a = C and a is ergodic. □ 

For a compact quantum group action a of (A, A) on B, recall that 
the reduced action a r of (A r , A r ) on B is defined by 

a r = (id g) 7r r )<x 

A state fi on B is a-invariant if and only if /i is a r -invariant since 
(/i eg) h)a — (// ® h r )a r . So by Theorem 13.61 the following is true. 

Corollary 3.7. A compact quantum group action a of (A, A) on B is 

ergodic if and only if the reduced action a r of (A r , A r ) on B is ergodic. 

3.3. Invariant subsets. 

From now on, an ideal / of a unital C*-algebra B always means a 
closed two-sided ideal, and we denote the quotient map from B onto 
B/I by ttj. 

Definition 3.8. For a compact quantum group action a of (A, A) on 
B, an ideal / of B is called a-invariant if for all b G /, 

(ttj <g> id)a(b) = 0. 

A proper invariant ideal / is called maximal if any proper a-invariant 
ideal J D / of B satisfies that I = J. 

Remark 3.9. If an ideal / of B is a-invariant, then a induces an action 
ai of (A, A) on B/I given by 

ai(b + I) = (tt <g> id)a(b) 

for all be B. 

If B = C(X) for a compact Hausdorff space X, then there is a one- 
one correspondence between closed subsets of X and ideals of B. To 
say that an ideal is invariant under a compact group action is equivalent 
to say that the corresponding closed subset of X is invariant. An ideal 
is maximal just says that the corresponding closed subset is a minimal 
invariant subset of X. 

Proposition 3.10. // / is an a-invariant ideal of B, then I is also 
a r -invariant. 
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Proof. Since I is a-invariant, we have that (717 eg) id)a(b) = for all 
b £ I. Note that a r = (id ® rr r )a. It follows that (717 <g> id)a r (b) = 
(id (8> 7Tr)( 7r / ® id)a(b) = for all b £ I. So J is also a r -invariant. □ 

If / is an a-invariant ideal of B, then for every a/-invariant state \i 
on B/I, the state jMKi is an a-invariant state on B. By Theorem I3.6[ 
we have the following. 

Proposition 3.11. Consider a compact quantum group action a on 
B. If I is an a-invariant ideal of B and a is ergodic, then aj is also 
ergodic. 

Take an a-invariant state [i on B. Let $ M : B — > B(H fl ) be the GNS 
representation of B with respect to fi and denote ker<l> M by 1^. If B is 
commutative, then 

h = N, = {fe B\n(f*f) = 0} = {feB\ f\ supportof , = 0}. 

For a compact group action on a commutative C*-algebra B = C(X) 
for a compact Hausdorff space, the ideal 1^ is invariant is equivalent 
to that the support of [i is an invariant subset of X. The following 
theorem says that for a compact quantum group action a on a compact 
quantum space, the "support" of an a-invariant state [i on B is also 
a-invariant. 

Theorem 3.12. Suppose that Q acts on B by a and fi is an a-invariant 
state on B. The ideal J M of B is a-invariant, and the induced action 
on B/I^, denoted by a^, is injective. 

To prove Theorem I3.12[ we need the following lemma: 

Lemma 3.13. There exists an injective *-homomorphism : B(H fl ) — > 
L(H fl cg> A) such that 

= (^ fl ®id)a, 

where (g) A is the right Hilbert A-module with the inner product (., .) 
given by (b\ <g)ai,& 2 (g) a 2 ) = yu(frj;& 2 )a*a 2 for G A and b{ G B, and 
L(H II (g) A) is the set of adjointable maps on (g) A 

Proof. We can define a bounded linear map U : <g) A — > <g> A by 

U(b®a) = a(b)(l <g>a), 

for all b G B and a G A. Here, for convenience, we also use b to denote 
b + Np G (recall that iV M = {b G B\{i(b*b) = 0}). By the invariance 
of /li, we have that 

(3) (£/ (61 <g> at), U(b 2 <g> a 2 )) = (h ®a u b 2 ® a 2 ) , 
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for a« G A, b-i G B. The identity Q shows that U is a well-defined 
isometry from £g> A into if M £g> A. The surjectivity of U follows from 
that a(B)(l £g> A) is dense in B ® A. Moreover the adjoint U* of U 
equals U" 1 . Therefore U is a unitary in L(H^ ® A). So U can be taken 
as a unitary in M(K(H fl ) <g> A) = <g> A) where #(7^) is the set 

of compact operators on H^. Also U12U13 = (id <g> A)Z7. Hence, ?7 is a 
unitary representation of with the carrier Hilbert space H^. 

Let /3(T) = U(T <g> 1)17* for T G It is easy to see that is 

an injective *-homomorphism from B{H^) into L(H^ £g> A). To prove 
= ($ M Cg> id) a, it is enough to show that 

/ 9$„(6)(a(6i)(l g> ai)) = <g> id)a(6)(a(6i)(l <g> 01)) 

for all ai G A and 6,61 G B, since a(I?)(l®v4) is dense in B®A. From 
the definitions of U and and that U is unitary, 

/3^(6)(a(6i)(l g> ai)) = u(6 ® l)w*(a(6i)(l ® a^) 

= <S> ai) = a(66i)(l £g> ai). 

On the other hand, we have that 

($ M <g> id)a(6)(a(6i)(l <g> a x )) = a(66i)(l <8> ai). 

This completes the proof. □ 

Now we are ready to prove Theorem 13.121 

Proof. By Lemma [3. 131 we have that = ® id)a. Hence (<3> M ® 
id)a{b) = /3<&n(b) = for any b G J^. Let ir^ be the quotient map from 
B onto -B/J^ and $ M be the injective *-homomorphism from B/I^ into 
B(Hfj) induced by <3> M , then 

The injectivity of $ M gives us the injectivity of $ M £g> id. So for b G J M , 
the identities 

= = ($ M ® id)a(6) = ® id)(7r M g> id)a(&) 

implies that (7r M ® id)a(b) = 0, which proves the invariance of 1^. 
If + J^) = for some b G B, then (71^ <8> id)a(b) = 0. Hence 
® id) (71^ <g> id)a(b) = 0. Then it follows from $ M = <& M 7T M that 
($ M ® id)a(b) = 0. Since = ($ M (8> id)a, we have that /?3v(o) = 0. 
That is to say /3$ A1 7r A1 (6) = 0. Since /3 and $ M are both injective, we 
have that 7r M (6) = 0, which proves the injectivity of a M . □ 

Theorem 13.121 shows that there always exist invariant subsets such 
that the induced action is injective. Furthermore, there exists the 
"largest" invariant subsets with injective action. 
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Theorem 3.14. Consider a compact quantum group action a on B. 
Let $ be the set of all proper a-invariant ideals of B with injective 
induced actions. Denote the ideal f]j e yl by Then J3 is also a- 
invariant. The induced action on Bj f] l£ yl is injective and satisfies 
the following universal property: 

for any proper invariant ideal I with injective induced action on B/I , 
there is an equivariant map from B/I% onto B/I. 

We first prove two preliminary results. The first one says that the 
closure of the union of invariant subsets is still invariant. 

Proposition 3.15. Consider a compact quantum group action a of 
(A, A) on B. If I\ is an a-invariant ideal of B for every A G A, then 
Dasa^ ^ s a ^ so an ct-invariant ideal of B. 

Before we start to prove the above Proposition 13. 15} we prove the 
following result which is well-known for experts. For the convenience 
of the reader, we give a proof below. 

We need the following proposition. 

Proposition 3.16. flft . Proposition 3.2.11] Let A± be a unital C*- 
algebra for every 1 < i < n. Then the space A\ © A' 2 ■ ■ ■ © A' n of the 
algebraic tensor product of the dual spaces A\ is weak* dense in the 
dual space (Ai © A 2 ■ • • © A n )' of A 1 © A 2 - ■ ■ © A n . 

Lemma 3.17. For two unital C* -algebras A and B, the set T — {tp® 
if)\<p G S(A), if) G S(B)} separates the points of A® B. 

Proof. From the above proposition, A' B' separates the points of 
A © B. Note that every element of A' © B' is a linear combination of 
some elements in T, so T separates the points of A © B. □ 

Proof of Proposition \3.15[ Take any b G f] x I\ and any if) G S(A). By 
the invariance of I\, we have that 7T\((id © if))a(b)) = for all A G A. 
Hence for any if) G S(A), we have that (id © ip)a{b) G f) x I\- Denote 
the quotient map from B onto B/ DaeA-^ ^y tta- Then we get (it a © 
if))a(b) = for all ip G S(A). It follows that (^®^)((ttk ®id)a(b)) = 
for all (f) G S(B/f] XeA I x ) and all if) G S(A). By Lemma [337] the set 
{0 © ip}<t>eS(B/f)xeAix),i:es(A) separates the points of (Bj Daga^) ® A - 
So (tt\ © id)a(b) = and f] x I\ is invariant. □ 

Lemma 3.18. Consider a compact quantum group action a of (A, A) 
on B. Suppose that for every A G A, the ideal I\ is a proper a-invariant 
ideal of B such that the induced actions on B/I\ is injective. Denote 
Hasa ^ ^A- The ideal 1^ is also an a-invariant ideal and the induced 
action on B/I\ is injective. Furthermore, the quotient map from B/I\ 
onto B /I\ is equivariant for every A G A . 

18 



Proof. The invariance of I a follows from Proposition 13.151 Denote the 
induced action on B/I\ by a a and the quotient maps from B onto 
B/I\ and B/I A by tt x and 7r A respectively. For every B/I\, we de- 
note the canonical surjective map from B/I\ onto B / 1\ by 7t A a. Since 
ttaatta = tta and both ir\ and 7Ta are equivariant, we have the commu- 
tative diagram: 

B/I A -2*-). B/I A ®A 



"A 



£// A 5// A ® A 

This proves the equivariance of 7r AA . Moreover, if «a(& + I\) = for 
some b G B, then 

= (7T AA <8> id)a k (b + I A ) = oi\iT\\ (b + 7 A ). 

Note that a A is injective, thus b + I\ = ii\ A {b + I A ) = for all A G A. 
Therefore 6 G 4, which proves the injectivity of a A . □ 

Theorem 13.141 follows from Lemma 13.181 immediately. 

Example 3.19. 

(1) Consider that a compact quantum group (A, A) acts on A by 
A. The Haar measure h is the unique A-invariant state on A. 



Since Nh is an ideal [12|, Proposition 7.9], we have that Ih = Nh. 
Hence Nh is an invariant ideal of A. 
(2) If B is commutative, then A^ = J M for every a-invariant state 
/i on B and N^ is an a-invariant ideal of B by Theorem 13.121 

3.4. Kac algebra and tracial invariant states. 

Definition 3.20. A compact quantum group Q is called a Kac alge- 



bra if one of the following equivalent conditions holds [24], Theorem 
1.5] @, Example 1.1] 0, Definition 8.1]: 

(1) The Haar measure h of Q is tracial. 

(2) The antipode k of Q satisfies that k 2 = id on &tf ' . 

(3) F 1 = id for all 76^. 

For an ergodic action a of a compact quantum group Q on B, in 
general, the unique a-invariant state fi on B is not necessarily tra- 
cial (See Remark 3.34 below). In [fj], Goswami showed that if Q acts 
on a unital C*-algebra S ergodically and faithfully, and the unique a- 
invariant state fi on B is tracial, then ^ is a Kac algebra p, Theorem 
3.2]. Actually Goswami proved this result with the assumption that B 
is commutative, but his proof works in the noncommutative case with 
the assumption of the traciality of \i. 
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Using a different method, we generalize this result to faithful (not 
necessarily ergodic) actions, and show that traciality of h depends on 
traciality of invariant states (see Theorem 13.241 below). 

Lemma 3.21. Suppose that Q acts on B by a. Take 7 6 5 such that 
mul(.B, 7) > 0. If there exists a state (p on B satisfying that 

f( Y e 7^ e 7fcs) > 

l<s<d 7 

and ((p®h)a(e jkj e* ki ) = ( l P ( ^^) a ( e ^ki e 'ykj) for some 1 < k < mul(£?,7) 
and all 1 < i, j < d 7; then F 1 = id. 

Proof. For convenience, in the proof we denote F J by F for 7 £ Q. 
Recall that for 71, 72 £ Q, 1 < m, k < d 7l and 1 < n, I < d 72 , we have 
that 



h (<k<l ) = 



and 



Hence 



M 71 



1 . , _ ^71 72 &mn(F 

Q ' ln) ~ ' 



MO 



(if <g) h)a(e lkj e* ki ) 
= Y ^(e 7 fe s e 7A . t )/i(^.(^)*) 

l<s,t<c( 7 

l<s,t<ci 7 7 
. p.. 

= y ^( e 7^e; fc j^, 

KKA, 7 



and 



(y?<g> /i)a(e; fci e 7fcj ) 
= Y P( e *ks e 7kt)H( u li)* u tj) 

l<s,t<dj 

= Y v(e; ks e lkt )(F-%^. 

l<s,t<dj 7 

From (ip®h)a(e lkj e* lki ) = (ip®h)a(e* ki e lkj ) and Ei< s <^ f( e ik s e* ks ) > 
0, we have that 



F; 



s -yks) 
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which implies that F is a scalar matrix under a fixed orthonormal basis 
of H 1 . Note that tr(F) = tr(F~ l ), hence we get F = I under a fixed 
orthonormal basis of H 1) which means that F = id. □ 

Proposition 3.22. Suppose that a compact quantum group Q acts on 
B by a. If one of the following two conditions is true: 

(1) every invariant state on B is tracial, 

(2) there exists a faithful tracial invariant state, 

then for all 7 G Q such that mul(-B, 7) > ; we have that F 1 = id. 

Proof. Suppose that every invariant state on B is tracial. Note that 
{if Cg) h)a is an a-invariant state for any (p G S(B). By assumption 
(if Cg) h)a is tracial. For any 7 6 5 with mul(S,7) > 0, since for any 
1 < k < mul(i?,7), J2i< s <d e ik s e* lks > 0, there exists a f 1 G S(B) 
satisfying that Yli<8<d~ fi( e -yks e *k s ) > 0- Hence by Lemma T3.21I we 
have that F 1 = id. 

On the other hand, if there exists a faithful tracial invariant state 
on B, say 1/), then (■?/> <g> h)a = ip and ij) satisfies the conditions of 
Lemma \'S .2 II Hence F 1 = id for all 7 G Q with positive mul(-B, 7). □ 

Remark 3.23. A special case of Proposition 13.221 is the following: 
If a is ergodic and the unique a-invariant state fi is tracial, then for 

all 7 G Q such that mul(-B, 7) > 0, we have that F 1 = id. 

A slightly different version of this result appears in [l3|, Theorem 3.1] 

where a necessary and sufficient condition of traciality of the unique 

invariant state of an ergodic action is given. 

Theorem 3.24. Suppose that a compact quantum group Q acts on B 
by a faithfully. If one of the following two conditions is true: 

(1) every invariant state on B is tracial, 

(2) there exists a faithful tracial invariant state on B, 
then Q is a Kac algebra. 



Proof. Note that for all 7 G Q and a unitary u 1 G 7, it follows from [23 



Theorem 5.4] that (id®K 2 )u^ = F^u 1 {F^)~ 1 . By Proposition we 
see that F 7 = id for all 7 G Q such that mul(-B, 7) > 0. So 

for all 7 G Q such that mul(£>, 7) > and 1 < i, j < d 1 . Note that k 2 is 
a linear multiplicative map on Hence k 2 is the identity map when 
restricted on the algebra ^ generated by uj^s for all 7 G Q such that 
mul(5,7) > and 1 < i, j < d n . If mul(5,7) > 0, then mul(5,7 c ) > 



0. Note that u< = (<*)i<ij<d 7 G 7 C for all 7 G Q. So uj* G sf{ for 
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all 7 G Q such that mul(-B,7) > and 1 < i,j < <i 7 , and * s a 
*-algebra. Thus srf{ = ^ where ^ is defined in Proposition 13.21 and 
is the *-algebra generated by u]j for all 7 G Q such that mul(£>, 7) > 
and 1 < i, j < d T 

Note that a is faithful, hence = ^ by Proposition ^. 21 So k 2 = id 
on This completes the proof. □ 

However, the converse of Theorem 13.241 is not true. 

Remark 3.25. By j22|, Theorem 5.1], there exists an ergodic and faith- 
ful action a of the quantum permutation group (A s (n),A n ) on the 
Cuntz algebra O n , which is given by 

i=i 

Although (A s (n), A n ) is a Kac algebra, there is no tracial state on O n 
since if ip is a tracial state on O n , then 

n n 

1=1 1=1 

which leads to a contradiction. 

4. Actions on compact Hausdorff spaces 

In this section, suppose that a compact quantum group (A, A) acts 
on a compact Hausdorff space X by a and denote C(X) by B. Let ev x 
be the evaluation functional on B at x G X, i.e., ev x (f) = f(x) for all 
/GB. 

First, we derive some basic properties of invariant subsets of X and 
invariant states on B. Next we show that the existence of minimal 
invariant subsets of X and formulate the concept of compact quantum 
group orbits and use it as a tool to study ergodic compact quantum 
group actions on compact Hausdorff spaces. 

4.1. Invariant subsets and invariant states. 

For a closed subset Y of X, let Jy = {/ G B\ f = onY} and n Y be 
the quotient map from B onto B/Jy- Consider that a compact quan- 
tum group (A, A) acts on X by a. We say that Y is an a-invariant 
subset of X if Jy is an a- invariant ideal of B. 

Define the induced action ay of (A, A) on Y by ay(f + Jy) = 
(iiy (g) id)a(f) for f E B. For a state /i on 5, since S is commutative, 
= {f G B\/j,(f*f) = 0} is a two-sided ideal of S. Let I a = {1 6 
= for all / G kera}. 
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We now give another characterization of invariant subsets. First we 
need the following lemma. 

Lemma 4.1. For a closed subset Y of X and f G B, (-Ky®id)a(f) = 
if and only if (ev x Cg> id)a(f) = a(f)(x) = for all x in Y . 

Proof. Suppose that (ny <8> id)a(f) = 0. For any x in Y, we define 
a linear functional ev x on B / J Y by ev x (f + Jy) = f{x) for all / G 
B. If / G Jy, then /(#) = for all i in 7. Hence ev x is well- 
defined. Furthermore, ev x n Y = ev x . Applying ev x ® id to both sides of 
{iiy <8> id)a(f) = 0, we get (ev x <g> id)a(f) = for all x in Y. 

On the other hand, for all x in K and some / G -B, if (ev x ®id)a(f) = 
0, then (e^7Ty(g)id)Q;(/) = 0. Note that (-K Y ®id)a(f) G (B/J Y )®A = 
C(Y)®A = C(Y, A). Hence for all x G K, if {ev x ®id){>KY®id)a{f) = 0, 
then (vr y <g> id)a(f) = 0. □ 

Using Lemma 14.11 we have the following. 

Proposition 4.2. A closed subset Y of X is a-invariant if and only 
if {ev x ® id)a(f) = for all xinY and f in Jy ■ 

Next we obtain some properties of X a . 

Proposition 4.3. The following hold: 

(1) The closed subset X a of X is a-invariant. 

(2) If X contains infinitely many points, then X a also contains 
infinitely many points. 

Proof. (l)The invariance of X a follows from Proposition 14.21 

(2) Suppose that X a has finitely many points. Thus a (B) = B/ker a = 
C(X a ) is finite dimensional. Let e be the counit of (A, A) and 38 be the 
Podles subalgebra of B. Then a{38) C a(B) is also finite dimensional. 
Since (id <g) e)a\& = id^g, we have that a is injective on 38. Hence 
38 is finite dimensional. This is a contradiction to that B is infinite 
dimensional and that 38 is dense in B. □ 

Denote the quotient space of X corresponding to B a by Y a . It follows 
that Y a = Xj ~, and for x,y G X, one have that x ~ y if and only if 
(ev x <S> h)a = (ev y ® h)a. 

For an a-invariant subset Y of X, let iiy ■ B — >■ B / Jy be the quotient 
map. Recall that the induced action ay on B / Jy is defined by ay (/ + 
Jy) = (vry <g> zcf)a(/ + Jy) for all / G B. 

Lemma 4.4. Let Y be an a-invariant subset of X. For an ay-invariant 
state fj, on Bj J Y , the pullback fiy := // o n Y is an a-invariant state on 
B and supp/iy = supp/z. 
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Proof. The first assertion follows from the definition of invariant states. 

For any / in B , we have that fiy(f*f) = if and only if //((/ + 
Jy)*(f + Jy)) = 0. This says that the support of /iy is the same as 
fx. □ 

Proposition 4.5. Suppose that fx is an a-invariant state on B. The 
support of fx, denoted by supp/i, is an a-invariant subset of X. 

Proof. This follows from Theorem 13. 121 See Example 13.19( 2) for ex- 
planations. □ 

4.2. Minimal invariant subsets and orbits. 

In this section, we define compact quantum group orbits, derive some 
basic properties of it, and describe minimal invariant subsets. At last, 
we show that under actions of coamenable compact quantum groups, 
orbits are minimal invariant subsets. 

Definition 4.6. Let (A, A) act on X by a. For x G X, denote the 
*-homomorphism (ev x £g> id)a : B — > A by a x , and let 

M x = {yE X\f{y) = for all / G kexa x }. 

We call the subset 

{x' G X\(ev x <S> h)a = {ev x > (g> h)a} 

of X the orbit of x, and denote it by Orb x . 

Lemma 4.7. For any x G X , the set M. x is a nonempty closed subset 
ofX. 

Proof. Note that a x ^ 0, thus M. x is a nonempty closed subset of 
X. ' □ 

For every x G X, use A x to denote the C*-subalgebra a x (B) of A. 
Now A x is isomorphic to B / ker a x . We denote this isomorphism by 
oT x : Bj ker a x — > A x and the quotient map from B onto B / ker a x by 
Tiv We get 

(4) oT x -k x = a x . 

A different form of the following lemma is proven in [6|, Thoerem 
3.2] by Goswami. We write down a proof here in detail based on his 
argument for completeness. 

Lemma 4.8. Suppose that (A, A) acts on a compact Hausdorff space 
X by a. For every x G X , the coproduct A maps A x into A x <g> A. 
Moreover, we have that 

(5) (tt x <g> id)a = ia^T 1 ® id)Aa x . 
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Proof. We first show that A maps A x into A x ® A. For every / G B, 
we have that 

A((ev x <g) id)a(f)) = (ev x <g> id ® id)(id <g> A)a(/) 
= (ei^ £g> id) (a <g) id)a(f) 
= (a x (g)id)a(f). 

Therefore, we obtain that A(j4 x ) C i^igii which guarantees that the 
right hand side of equation fl5]) is well defined. 
Secondly, for every / G B, we get 

(o^T 1 <g> id)Aa x (f) = (ol x ~ 1 <g> ® id)a(f) = (n x ® id)a(f). 

□ 

Proposition 4.9. For every a; G X ; i/ie sei is an a-invariant 
subset of X . 

Proof. It suffices to show that (tt x <gj id)a(f) = for every / G kera x , 
which follows from equation ([5]). □ 

Proposition 4.10. For an a-invariant subset Y of X, M. x C K /or 

every x G Y". If Y is a minimal a-invariant subset of X, then Y = A4 X 
for every x G Y. 

Proof. Since Y is a-invariant, by Proposition 14.21 we have that (ev x <g> 
id)a(f) = for all / G Jy and which is to say, if /|y = 0, then 

f\Mx = f° r every x G Y . Hence M. x C K for every x G Y\ 

By Proposition 14. 9[ the set M. x is a-invariant. If Y is a minimal 
a-invariant subset of X, then M. x = Y for all x G K. □ 

Recall that X Q = {x G X|/(x) = for all / G kera}. 
Proposition 4.11. X a = \J xeX M x . 

Proof. Note that a(f) = if and only if (ev x £g> id)a(f) = for all 
x G X. That is, a(/) = if and only if f\_M x = f° r ai l ^ G X. This 
is equivalent to say that X a = U x€X -M x . □ 

Theorem 4.12. The action a of (A, A) on X is injective if and only 
ifX = X a = {J x£X M x . 

Proof. It is easy to check that a is injective if and only if X = X a . By 
Proposition 14.111 we finish the proof. □ 

Next, we want to show that every orbit is an invariant subset. 
Recall that B a = C(Y a ) and we denote the canonical quotient map 
from X onto Y a by ir. Then we have the following, 
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Lemma 4.13. For every y G Y a , two points X\ and x 2 are in n 1 (y) 
if and only if X\ and x 2 are in the same orbit. 

Proof. Note that B a = (id® h)a(B). We have that x 1 ,x 2 G vr _1 (y) for 
y G Y a if and only if 

(ev xi ® h)a(g) = (ev y <g> h)a(g) = (ev X2 ® h)a(g) 

for every g £ B. That is to say, Xi and 22 are in the same orbit. □ 

Theorem 4.14. For every x G X , the orbit Oih x is an a-invariant 
subset of X . 

Proof. By Proposition 14. 2[ it suffices to show that for any / G C(X), 
if f\orb x = 0, then (ev x i ® id)a(f) = for every x' G Ortv 

By Lemma [4. 131 there exists y G Y" a such that 7T~ 1 (y) = Orb x . 

Let f E B such that /lob* = 0. For arbitrary e > 0, denote the 
closed subset {a; G X||/(a;)| > e} by E £ . Both X and F a are compact 
Hausdorff spaces, 

hence ir(E £ ), denoted by K £ , is also compact and Hausdorff. Since 
y ^ K £ , by Urysohn's Lemma, there exists a g e G 5 a , such that < 
9e < 1) fl'e(j') = an d # £ |ir e = 1- Since B a is a C*-subalgebra of B, the 
function g £ is also in and satisfies that < g e < 1, gelorb^ = and 

&k = !■ 

Now consider / — fg £ . Then \f(x) — g £ (x)f(x)\ = for every x in 
E t , and — g e (x)/(x)| < e for all x G X \ £7 £ since < e and 

< g £ < 1 . Therefore 1 1 / — fg £ | | < £ which implies 

||(erv ®id)a(f) - (etv O id)a(/</ e )|| < £ 
for every x' E X. 

Note that g e G -B Q and Pelorbz — 0. For every x' G Orb x , we have 
that 

(ev x i®id)a(fg £ ) = (ev x ,®id)(a(f)(g £ ®l)) = (ev x > ®id)a(f)g e (x') = 0. 

Consequently, ||(e?v Cg> id)a(f)\\ < e for all x' G Orb^. Note that e is 
arbitrary. So (ev x > £g> id)a(f) = for every x' G Oih x . This ends the 
proof. □ 

Theorem 4.15. The following are equivalent: 

(1) The action a is ergodic. 

(2) Orb x = X for every 16I. 

(3) There exists Xq G X such that Orb xo = X . 

Proof. Obviously (2) implies (3). So we just prove that (1) implies (2) 
and (3) implies (1). 
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(1)=>(2). Suppose that a is ergodic. Then (id®h)a(f) is a constant 
function on X for every f E B. Therefore, (ev x <g> h)a(f) = (ev x > £g> 
h)a(f) for all x and i' in X. Consequently Orb x = X. 

(3)=^(1). If there exists xo E X such that Orb^ = X. We have 
that (ev x g) h)a(f) = (ev XQ <8> h)a(f) for every f E B and x G X. This 
is equivalent to say that (zd <g) h)a(f) is a constant function on X for 
every f E B. Therefore a is ergodic. □ 

Since for an action a of (A, A) on X, every orbit Orb x is invariant, a 
induces an action a x of (A, A) on Orb x . Let J x = {f E B\ f\o T b x — 0} 
be the ideal consisting of continuous functions varnishing in Orb x and 
n x be the quotient map from B onto B/J x . Then + J x ) = (tt x £g> 
id)a(f) for every / in 5. 

Lemma 4.16. JTie action a x on Oih x is ergodic. 

Proof. Let ev x and eu^ be the evaluation functional on B/J x at any 
two points x and y in Orb x . Then for every / in B 

(evy ® h)a x (f + J x ) = (ev y ® h)(it x <S> id)a(f) 
= (ev y <g> h)a(f) = (ev x ® 
= (e^ ® /i)aa.(/ + J-g). 

□ 

Proposition 4.17. Suppose that Y is an a-invariant subset of X . For 
every y E Y , the orbit of y under ay is Y f] Orb^. 

Proof. For y and y' in Y, (ev y <E> h)ay = {ev y i ® h)ay if and only if 
(ev y ® h)a = {eVyi ® h)a. □ 

Let fji x = (ev x ®h)a for x E X. Then \i x is an a-invariant state on 
B. The support of fi x , denoted by supp/i^, is an a-invariant subset by 
Theorem 14.51 Next we show that minimal invariant subsets are always 
of the form supp/i x . 

Theorem 4.18. Consider a compact quantum group action a of (A, A) 
on a compact Hausdorff space X. For every x E X, we have that 
supp/i x C M. x C Orb x and that supp/x x is a minimal a-invariant subset 
of X. If the Haar measure h of (A, A) is faithful, then supp/z x = A4 X . 

Proof. For every x E X, if f\ju x — for some f E B, then a x {f*f) = 
0. It follows that fJL x {f*f)) = h(a x (f*f)) = 0, which means that 
/Isupp^ = 0. Both M. x and supp/i x are closed subsets of X. Therefore, 
supp/i^ EM X . 

By Proposition 14. 10[ for every x E X, M. x C Orb^ since x E Orb x . 
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Suppose that supp/z^ is not minimal. Then there exists an a-invariant 
subset Y C supp/ia;. Denote the induced actions of (A, A) on Y and 
Oib x by ay and a x respectively. Choose an ay-invariant state uj on 
C(Y), and denote the pull back of it to C(Orbj;) by u x . It follows that 
u x is also an a^-invariant state on C(Orbx), and u x is different from 
fi x since the support of u x which is contained in Y by Lemma I4.4[ is 
a proper subset of the support of fi x . Since the action a x is ergodic 
by Lemma 14.161 this leads to a contradiction to the uniqueness of ax- 
invariant states on Orb^. So supp/i x is minimal. 

Now assume that h is faithful. For x G X, if h(a x (f*f)) = fi x (f*f) = 
for / G B, then oe x (f*f) = by the faithfulness of h. This implies 
that M. x C supp/i x . □ 

So far, all examples of compact quantum group actions on compact 
Hausdorff spaces show that supp/z^ = M. x = Orb x . Later we show that 
every orbit is minimal if the compact quantum group is coamenable 
or the space X is countable (see Theorem I4.2H Corollary 14.241 and 
Corollary I4.29|) . Hence we give the following conjecture. 

Conjecture 4.19. Consider a compact quantum quantum group ac- 
tion on X. Then supp/i x = Ai x = Orb x for every x & X. 

If we consider the reduced action a r of (A r , A r ) on X, it turns out 
that two points are in the same orbit under a if and only if these two 
points are in the same orbit under a r . 

Proposition 4.20. For x G X, the orbit of x under the action of 
(A, A) on X is the same as the orbit of x under the action of (A r , A r ) 
on X . 

Proof. Two points x and y in X are in the same orbit under the action 
a of (A, A) on X if and only if (ev x <g> h)a = (ev y <8> h)a. Also x and y 
are in the same orbit under the action a r of (A r , A r ) on X if and only 
if (ev x g) h r )a r = (ev y g) h r )a r . Since h r ii r = h, we have that 

(ev x (g) h r )a r = (ev x ® h r )(id ® n r )a = [ev x <8> h)a. 

Thus (ev x ®h T )a r = (ev y <g>h r )a r if and only if (ev x ®h)a = (ev y ®h)a. 
This completes the proof. □ 

A compact quantum group Q is called coamenable if its Haar mea- 
sure h is faithful and its counit e is bounded. 

Theorem 4.21. Suppose that a coamenable compact quantum group 
(A, A) acts on X by a. For any a-invariant subset Y of X , we have 
that 

Y={J Orb,. 
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Consequently, Orb x is a minimal a-invariant subset of X for every 
x G X. 



Proof. The second assertion follows directly from the first. The first 
assertion is equivalent to that if Y is an a-invariant subset of X and x 
is in Y, then Orb x C Y. 

Suppose that / is a positive continuous function on X and f\ Y = 0. 
Since Y is a-invariant, we have that (ev x £g> id)a(f) = for all x G Y. 
For every y in Orb x , since (ev x ® h)a = (ev y ® h)a, we obtain that 
= (ev x ®h)a(f) = (ev y <g>h)a(f). Since h is faithful and / is positive, 
we have that (ev y <S> id)a(f) = 0. The counit e is bounded, hence 
(id <S> s)a(g) = g for all g G B. So 



Thus we get that if / > and f\y = 0, then f(y) = for any y G 
Orb x . Note that both Orb x and Y are closed subsets of X. Therefore 



4.3. Actions on finite spaces. 

Throughout this subsection, we consider a compact quantum group 
action a on a finite space X n = {xi, X2, x n } with n points. Let 
djj = (evi ® id)a(ej) where ej is the characteristic function of {xj} 
and evi is the evaluation functional on B = C(X n ) at the point Xj for 
1 < i,j < n. 

The main result in this section is the following characterization of 
ergodic actions on finite spaces. 

Theorem 4.22. Consider a compact quantum group action a of (A, A) 
on B. The following are equivalent. 

(1) The action a is ergodic. 

(2) h(a,ij) = ^ for the Haar measure h of (A, A) and 1 < i,j < n. 

(3) All aij 's are nonzero for 1 <i,j <n. 

(4) Every a-invariant state ip of B satisfies VK e i) = f or a ^ 1 — 



Proof. We prove this theorem by showing that (1)=^ (2)=^(3)=^(1) and 



(1)=> (2). If a is ergodic, then by Proposition 14.151 an Y t wo points 
Xi and Xj in X n are in the same orbit. That is to say (evi <S> h)a = 
(eVj ® h)a. Hence (evi <S> h)a(ek) = (eVj ® h)a(e^) for 1 < i, j, k < n. 
Therefore 



= e((ev y ® id)a(f)) = ev y ((id ® e)a(/)) = /(y). 



Orb x C K for any x G K. 



□ 



i < n. 



(2)^(4). 




/i(aj fe ) = ft,(ojfe) 
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We first show that h(ciij) is nonzero for all 1 < i, j < n. Suppose not, 
then there exist 1 < i, k < n such that h(cii k ) = 0. By equation ([HD, we 
have that h(aj k ) = for all 1 < j < n. Let fi be the unique invariant 
state on B. Note that B is finite dimensional. So SS = B and a is 
injective on B. Hence dj k = (evj <g) id)a(ek) € £/ for all 1 < j < n. 
Since h is faithful on stf and a* k = aj k = a^ k , we have that aj k = 
for all 1 < j < n. Thus a(e k )(j) = (evj (g) id)a(e k ) = aj k = for 
all 1 < j < n - Therefore a(ek) = 0. This is a contradiction to the 
inject ivity of a. 

Now h(dij) > for all 1 < i,j < n. If we can prove h(a>ij) = h(di k ) 
for all 1 < i, j, k < n, then combining this with Y^j=\ a ij = 1' we § e ^ 
that h(aij) = - for 1 < i,j < n. 

By the invariance of the Haar measure we have that (h®u)A = h for 
every state u on A. Apply this to a^. Since A(ajj) = Y^k=i a *fc ® a fcj' 
we have that 

n 

^^h(a ik )uj(a kj ) = h(aij). 

k=l 

Since ^(a^) > for all 1 < i,j < n, every is a nonzero projection 
in A. For any 1 < l,j < n, there exists a state a;^- on A such that 
uiij{aij) = 1. It follows that 

n 

fr(oy) = }h{ai k )u)ij(a k j) = h(a u ) + yh(a ik )u)ij{a k j). 

k=l k^l 

Hence for all 1 < i,j, I < n, h(ciij) > h(au), and symmetrically, h(au) > 
h(ciij). So h(ciij) = h(cii k ) for any 1 < k < n. 

(2) ^(3). This is trivial. 

(3) =^(1). Suppose that a(f) = / ® 1 for some / = X^=i /i e « with 
/i G C. Since a(f) = Y%=i Y2=i f* e k ® a ki and / <g) 1 = ]T™ =1 / fc e fc <g> 1, 
we get J^r=i /i a &« = fk for every 1 < k < n. Since a k i is a nonzero 
projection in A for all 1 < k, I < n, there exists a state cjjy on A such 
that oo M (a k i) = 1. Note that Z]"=i a kj = 1- So uj k i(a kj ) = 5ij for all 
1 < j < n. Applying u kl to both sides of Y!i=i fi a ki = fk, we get 
fi — fk for all 1 < k, I < n. Therefore / is a constant function on AT n 
and the action a is ergodic. 

(2)=^(4). Every invariant measure ip can be written as ip — ((f)® h)a 
for some state <fi on 5. Hence 

n 1 71 1 

V>(ei) = ((p <g> /i)a(ei) = V] <f)(e k )h(a ki ) = - V] 0(e fc ) = -. 

fc=i fc=i 
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(4)=>(2). For every state on B, the state (<p <E> ^)o! is invariant. 
Especially choose = euj. Then 

— = (eVj ® /i)a(ej) = h((eVj ® id)o;(ei)) = h(ciji). 

□ 

Proposition 4.23. Suppose that a compact quantum group (A, A) acts 
on X n fry a. T/ien two points Xi and Xj in X n are in the same orbit 
if and only if ^ 0. // a^- 7^ ; i/ien h(a.ij) = — where rrii is the 
cardinality of Orb Xi . 

Proof. Suppose that 7^ 0. If Xj is not in Orb^, then e^oi-b^. = 0. 
Note that Orb Xi is an a- invariant subset of X n . Thus = (eVi <g> 
id)a(ej) = 0, which is a contradiction. This proves the sufficiency 

On the other hand, suppose that Xj G Orb^. Let Jj = {/ G 
S| /|orb x . = 0} be the ideal of continuous functions varnishing on Orb^ 
and 7Tj be the quotient map from B onto -B/Jj. Denote the induced 
action on Orb^ by ajj, which is defined by + Jj) = (7^ ® id)a(f) 
for / G .B. Let eUj- be the evaluation functional on B/Ji at x^-. Denote 
(e^ ® id)cti(ej) by a^. Then = a^- by the definition of Oj. By Theo- 
rem 14.221 the action «j on Orb.^ is ergodic. Hence h(aij) = h(dYj) = — 
where rrii is the cardinality of Orb^. This proves the necessity. □ 

Corollary 4.24. Suppose that a compact quantum group (A, A) acts on 
X n ergodically. Then supp/i x . = M. x = Orb x = X n for every x G X n , 
that is, every orbit Orb x is a minimal invariant subset. 

Proof. Note that supp/i x . C M. x C Orb^. for every x G X by Theo- 
rem 14.181 So it suffices to show that if a positive / in B satisfies that 
fJ'x(f) — for some x G X n , then / = 0. Write / as Y17=i w ith 
< fi G C and let x = Xk for some 1 < k < n. Then by Theorem 14.221 
we have 

n n 1 " 

= fJ, x {f) = {ev k ®h)a{f) = ^ fi{ev k ®h)a{e,;) = fih(a ki ) = -}Jj. 

i=l i=l i=l 

Hence fi — for all 1 < i < n and / = 0. □ 

4.4. Non-atomic invariant measures. 

Our main theorem in this subsection is the following. 

Theorem 4.25. If a compact quantum group (A, A) acts ergodically 
by a on a compact Hausdorff space X with infinitely many points, then 
the unique a-invariant measure 11 of X is non-atomic. That is, every 
point of X has zero ^-measure. 
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Denote C(X) by B. For y E X, denote by e y the characteristic 
function of {y}. For a compact quantum group action a : B — > B <8> A, 
we use ei> x to denote the evaluation functional on B at a point rr G X. 

Take a regular Borel probability measure /i on X. Denote p,({x}) by 
// x and define a linear functional on B by f x (/) = f(x)/i x for all / G 
B. With abuse of notation, we also use /j, to denote the corresponding 
linear functional on B such that //(/) = f x f dfi for f E B . For a subset 
[/ of X, if an / G -B satisfies that < / < 1 and f\u = 1, then we 
write it as U -< f. If / satisfies that < / < 1 and supportof / C U, 
then we denote it by / ^ U. 

Before proceeding to the main theorem, we prove some preliminary 
lemmas first. 

Lemma 4.26. Suppose that a compact quantum group (A, A) acts on 
a compact Hausdorff space X by a. Take an a-invariant measure fi on 
X. If for two points x and y in X, we have that /j, x > fi y , then there 
exists an open neighborhood V of y satisfying that (ev x <g> id)a(g) = 
for all g G B with g -< V. 

Proof. Note that /i is a state on B and X is a compact Haudorff space. 
Hence /i is a regular Borel measure on X by the Riesz representation 
theorem. Since \i x > /i y , there exists an open neighborhood U of y 
such that fi x > fJ>(U). We claim that 

\\(ev x ®id)a(f)\\ < 1 

for all / G B with / -< U. Since < / < 1, we have that ||(ei; x ® 
id)a(f)\\ < 1. If \\(ev x ® id)a(f)\\ = 1, then there exists a state <fi on 
A such that (f)((ev x <8> id)a(f)) = \\(ev x ® = 1 since (ei; x <g> 

id)a(f) > 0. Moreover, 

(/i ® 0)a(/) = 0((/i ® id)a(/)) = 0( / (e^ ® i<0«(/) d^) 

> 0((ew x ® id)a(f))ii x = fx x . 

Since /x is a-invariant, on the other hand 

(/x ® = <g) id)a(/)) = <KM/)U) = M/)- 

Therefore combining these, we get that /x(/) > /i^. Since / -< U, we 
also have that /j x > /x(C/) > This leads to a contradiction. Hence 

\\(ev x ®id)a(f)\\ < 1 for all / G B with f <U . 

Since X is a compact Hausdorff space, there exist an open subset V 
and a compact subset K of X such that y <E V C K C U. 

By Urysohn's lemma, there is an / G B such that K ~< f ~< U. For 
any g E B with g -< V, we see that < g < f n for every positive 
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integer n. Thus 



\\{ev x ®id)a{g)\\ < \\{ev x ® id)a(f n )\\ = \\{ev x ® id)a(f)\\ n -+ 

as n — > oo. Therefore (et> x g) id)a(g) = 0. □ 

Lemma 4.27. Suppose that a compact quantum group (A, A) has the 
faithful Haar measure and acts ergodically by a on a compact Hausdorff 
space X with infinitely many points. Denote the unique a-invariant 
measure on X by \i. Assume that there exists some x G X such that 
fi x > 0. Let {ci > C2 > C3 > ...} be all possible values of fi y for y G X 
and Ei = {y G X\ji y = c{\. For any f G B, if $\e 1 = 0, we have 
"(/.) o. 

Proof. First E\ is a finite subset of X since /1 is a finite measure on 
X. Let Ei = {xi,...,x n } and et>j = ev Xi for 1 < i < n. For any 
e > 0, there exists an open neighborhood Vi of Xi for each Xi G £1 such 
that \f{x)\ < e for all x G UiLi^- For an y 2/ ^ by Lemma f4.26[ 
there exists an open neighborhood V y oi y such that V y f] Ei = and 
(et>j (g) id)a(g) = for all # G B with g -< and all 1 < i < n. Then 
^ = {Vy\y£E 1 U{^)r=i i s an open cover of X. Since X is a compact 
Hausdorff space, there exists a finite subcover V of V. Let {gv}vev 
be a partition of unity of X subordinate to V. Then / = Ylv&v fdv- 
Now let i — 1 for convenience. By Lemma [4 .26} we have that (evi £g> 
zd)a(# y ) = for all V G V \ {Vi}? =1 . Hence 

(evi <S> id)a(f) = (evi <g> id)a( /gvO 

vev 

= (e«i ® id)a(fg v ) + ^ (evi ® id)a(fg v ) 

vevr\{Vi}? =1 veV'MVi}?^ 

= ^ {evi®id)a{fg v ). 
vev>r\{Vi}? =1 

Take any x G X. If x G |J£=i then I EyeV'nW}™ =1 /(aOflVfa)! < 
I /(a:) I < e. If x £ Ut=i^> then E^v'nW}^! f( x )9v(x) = 0. There- 
fore || Evevrwm /S'vll < e- 

Thus 

[Keu! <8) id)ot(/)|| = ||(e«i <8) id)a( J2 f9v)\\<e. 

Since e is arbitrary, we have that (ev\ ®id)ct(f) = 0. Note that (et>i <g) 
icf)a; is a *-homomorphism, so (et>i (g> id)a(f*f) = 0. The action a is 
ergodic, hence (et^ £g> h)a(f*f) = {ev\ <g) h)a(f*f) = for any x G X. 
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The Haar measure h is faithful and (ev x ® id)a(f*f) > 0, therefore 
(ev x £g> id)a(f*f) = for all x £ X which means a(/) = 0. □ 

Now we are ready to prove the main theorem in this subsection. 

Proof of Theorem \4-25[ We can assume the Haar measure h of (A, A) is 
faithful otherwise we replace a by the reduced compact quantum group 
action a r of (A r , A r ) which has the faithful Haar measure. The action 
a r is also ergodic by Corollary 13.71 Moreover, a state on B is a- 
invariant if and only if it is a r -invariant (see the argument preceding 
Corollary 

Suppose that = for some x £ X. Define E\ = {x%, ...,x n } 

as in Lemma [4.271 Let SB be the Podles algebra of B = C(X). Define 
a linear map T from a(SB) into C n by 

T(a(f)) = (f(x 1 )J(x 2 ),...J(x n )) 

for all / £ SB. Note that a is injective on SB. So T is well-defined. 
Also T is linear. By Lemma T4.27[ T is injective. The space X contains 
infinitely many points, hence B is infinite dimensional. Since SB is a 
dense subspace of B, we have that SB is also infinite dimensional. This 
leads to a contradiction to that C n is finite dimensional and that T is 
injective. □ 

4.5. Actions on countable compact Hausdorff spaces. 

In this subsection, we consider compact quantum group actions on 
a compact Hausdorff space X^ with countably infinitely many points. 
Within the section, the notation B stands for C{X oa ). Denote by Xj 
the set of isolated points and by Xa the set of accumulation points of 

Xoo- 

The main theorem of this subsection follows directly from Theo- 
rem ET251 

Theorem 4.28. is not a quantum homogeneous space. 

Proof. For every Borel probability measure fi on X^, there exists an 
x £ Xoo such that //({a;}) > 0. So by Theorem I4.25[ the space X^ 
cannot admit an ergodic compact quantum group action. □ 

Corollary 4.29. For any compact quantum group action a on X^, 
every orbit is finite. 

Proof. By Theorem 14.141 every orbit is an a- invariant subset on which 
the induced action is ergodic by Lemma 14.161 Notice that every orbit 
is also countable. Therefore it cannot be infinite by Theorem 14.281 □ 

Proposition 4.30. Every compact quantum group action a on a count- 
able compact space is injective. 
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Proof. Note that X^ = [J x£X Orb x . Corollary 14.291 says that every 
Orb x is finite, so by Corollary 14.241 we see that Orb x is minimal. By 
Proposition I4.10[ we have Orb^ = M. x for every x G X. So I ro = 
{J x ex-M x - By Theorem 14.121 the action a is injective. □ 

We need the following property concerning X^ for the next result. 

Lemma 4.31. The subset Xj is dense in Xoo, hence infinite. 

Proof. Let E = X^Xj. We want to show that E is empty. Suppose 
that E is nonempty. For any x G E, we claim that every neighborhood 
of x in contains a point in E other than x. If this is not true, 
there exists a neighborhood A of x such that Af]E — {x}. That is, 
^Al^} Q Xj. Since x G Xa, we have that x G v4\{x} C Xj. This 
is a contradiction to x G E. Therefore E is perfect, but countable. 
This leads to a contradiction to [8, Theorem 4.5], which says that 
every perfect set in a locally compact Hausdorff space has at least the 
cardinality of BL □ 

The second main result in this section is the following. 

Proposition 4.32. Every orbit is either contained in Xj, or contained 
in Xa- 

Proof. We can assume the faithfulness of the Haar measure h since by 
Proposition I4.20[ for any point x G Xoo, the orbit of x under the action 
of (A, A) is the same as the orbit of x under the action of (A r , A r ). 

It suffices to show that Orb^ C Xa for x G Xa, which is equivalent 
to that e^lorb^ = for all y G Xj since Xa is closed. Now consider the 
induced action a x on Orb x . Recall that oc x (f + J) = (ir^)id)a(f) for all 
/ G B, where J is the ideal consisting of functions varnishing on Orb x 
and 7r is the quotient map from B onto B/J. Since Orb^ is finite, a x is 
injective by Proposition 14. 301 So e y \orb x = for all y G Xi is equivalent 
to say that at x (e y ) = for all y G Xj. Since a x (e y )(z) = a(e y )(z) = a zy 
for all y E Xj and z G Orb x , it suffices to show that a zy = for every 
z in Orb x and y in Xj. 

Let Z' = Orby (J Orb z for y and z in Xj such that Orb y f] Orb z = 0. 
Note that every orbit is finite and a-invariant. So Z' is a-invariant 
by Proposition 13.151 Consider the induced action az> of a on Z'. By 
Proposition 14. 1 7\ Z' consists of only two orbits, Orb y and Orb^. Denote 
(ev z (g) id)az'{e y ) by b zy . Note that az> is an action on a finite space. 
By Proposition I4.23[ we have that b zy = since z and y are not in 
the same orbit under acz>- Observe that b zy = a zy . Therefore, by the 
finiteness of every orbit, after fixing y in Xj, we get that a zy = for 
all but finitely many z G Xj. By Lemma [4.3 1[ for every x in Xa, we 
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can find a sequence {zk}k>i Q Xi converging to x. Then a ZkV = 
for sufficiently large k. Therefore a xy = lim^oo a ZkV = 0. Since a x is 
ergo die, 

= h(a xy ) = (ev x ® h)a x (e y ) = (ev z ® h)a x (e y ) = h(a zy ), 

for any z G Orb^, and y G Xj. Note that h is faithful. Hence a zy = 
for all z G Orb^ and y G X/, which completes the proof. □ 
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